As rotary mechanical structure becomes more complicated, difficulty arises in receiving prime correction mass and optimum balancing plane efficiently. An innovative modal balancing process for estimating the residual unbalance from different equilibrium plane of complex flexible rotor system is presented. The method is based on a numerical approach with modal ratio among measurement points (MRMP) coefficient and triple phase method (TPM). The veracity of calculation result is verified by an academic rotor model. The latter study in this paper is subsequently put forward through a power turbine rotor modeled by finite element method. Simulation results show that proper equilibrium plane performs commendably in recognizing residual unbalance and reducing the vibration effect through the critical region. Moreover, the inherent unbalance recognized by experimental data from a turbine rotor with slender shaft is found to be in certain difference under different counterweight combination. Choosing suitable balancing planes will improve the accuracy of unbalance identification.
Introduction
Rotating machines are often slightly unbalanced due to manufacture inaccuracy and operation loss. It is generally recognized that unbalance force is the main source of rotor vibration. The fluctuation magnitude of oscillation caused by unbalance force is intense when angular acceleration grows rapidly. In this case, the unbalanced vibration analysis of flexible rotor passing through critical speed is an important issue at both low speed and high speed. As a result, the balancing of flexible rotors is one of the pivotal techniques for speed-variant rotating machinery in modern industry.
Conventional balance methods, for example, modal balancing method [1] [2] [3] , the influence coefficient method [4, 5] , and the unified approach [6, 7] , have been well exploited in the numerical domain. Vania and Pennacchi [8] developed some methods by measuring the accuracy of balancing techniques to identify unbalance in rotating machines. Sinha et al. [9] estimated mass unbalance and misalignment of a rotating machine from the process of acceleration and deceleration. Sudhakar and Sekhar [10] presented two different approaches applied for the identification of unbalance fault in a rotor system. Unbalance fault was identified using proposed methods by measuring transverse vibrations at only one location. Whalley and Abdul-Ameer [11] investigated a general approach for shaft-rotor analysis and design, enabling both computation of the transient and frequency response performance. A new concept of modal balancing technique which firstly adopts MRMP coefficient is proposed for flexible rotor operating between the first two critical speeds [12] .
Generally speaking, rotor structure becomes diversified and complicated with the extensive application of flexible rotor. Confirming appropriate position of equilibrium plane turns to be the crucial factor before applying available balance method [13, 14] . In the recent research, Sève et al. [15] reviewed survey work on the predicted unbalance responses between rotating and stator parts of a rotary compressor. The comparison permits minimizing vibration transmission through pipes and grommets. Chatzisavvas and Dohnal [16] achieved unbalance identification under different unbalance masses and balancing planes for a test rig.
The contribution of this paper consists in the balancing of a power turbine rotor with known initial unbalance mass which is mounted on foregone combinations of balancing planes. The objective is to survey and compare the residual oscillation levels of this dynamic model during accelerating process by an extension application of the MRMP coefficient and TPM. The proposed scheme uses transfer matrix method (TMM) and finite elements method (FEM) to obtain the motion equation. An industrial application permits comparing the measured unbalance responses, which is conducive in confirming appropriate combination of balancing planes and reducing the required balancing information.
Balancing Theory

Modal Balancing and MRMP Coefficient.
To obtain accurate correction mass, the employed basic theory of modal balancing [17, 18] and MRMP coefficient will be first reviewed. For main notations, refer to Appendix A. Considering an isotropic flexible rotor system with arbitrary distributed mass, the characteristic modal function ( ), = 1, 2, . . ., can be obtained when the geometrical features and physical parameters of the system are given. The orthogonality condition between any two modes is a prerequisite, which is defined as
in which is the th generalized mass. According to the orthogonal principal, the distribution of initial unbalance mass eccentricity of shaft ( ) can be stated as
With the main modal orthogonality theory, the dynamic deflection ( , ) can be expressed as
in which the ratio of th revolving speed = / . Figure 1 shows the first three modal shapes of general flexible rotor system. Equation (3) shows that the deflections of the rotor are weighted sum of infinite order ( ) multiplying coefficient and it will have the same shape as those of the th mode when the rotor runs at the th critical speed. For the th principal mode, the ratio of modal displacement at location = ( = 1, 2, 3, . . .) is called the MRMP coefficient, which is defined as
The application of MRMP coefficient makes it possible to balance the first two critical speeds simultaneously.
Triple Phase Method.
When simulating the whirling response of intricate rotating system, the prediction on the magnitude and distribution of unbalance mass is beneficial to determine the identification of initial unbalance and counterbalance effect. The proposed method is concerned with the case in which phase measurement instruments cannot be applied directly, so that the scheme of TPM is performed. The relationship of a linear shaft-bearing system in each balancing plane is
where unbalanced azimuths are all dubious while and 0 are concerned. Another run test turns ( + 0 ) degree clockwise; (5) is determined by
Rotating 180 ∘ and symmetry transforming with axis, (6) can be written as
and ( + 0 − ) are the magnitude and the azimuth of unbalance mass angle under the corresponding vibration mode, respectively. When = 0, correction trial weight W at rotating speed of can be expressed as Figure 2 presents the recognition principle of mass unbalance by TPM. The feasibility and procedure which obtained correction mass will be discussed in the next section, in which an academic rotor system is used to inspect the process of decomposing and calculating the modal components of transient unbalance response correspondingly. In addition, a turbine rotor system is put forward to verify the applicability of this modified balancing procedure. rotational inertia, the effects of shear and bending deformations, and centrifugal force is presented. The disks have both rotational inertia and gyroscopic inertia. The linearity hypothesis is defined as follows: the whole vibration response due to influence of trial weights on different planes is equal to the sum of individual vibration responses caused by each trial weight, which is the precondition where unbalance force is the major fault; meanwhile, the lumped force and supporting action all should remain stable. The configuration of the rotor-bearing system and the locations of the three unbalances are shown in Figure 3 . The main parameters of this model are presented in Appendix B. The transient unbalance differential equation of motion established by TMM is expressed as
Balancing Procedure
U is the vector containing all the degrees of freedom (d.o.f.) and each node has two lateral displacements and two associated rotations. M stands for the classical mass matrix of balancing planes, C( ) indicates the nonsymmetric gyroscopic matrix, C is the damping matrix associated with rotational inertia, and K presents the equivalent stiffness matrix related to the shaft and bearing. At location = , the component of the unbalance force vector f( ) is created by the unbalance masses at the phase angle 0 as follows:
This type of model permits the computation of transient whirl response for all balancing planes necessary balancing the rotary machine. The transient unbalance response is predicted through a modal theory and the solution of a linear system for each rotating speed .
Decomposition of Unbalances and Responses.
To balance the flexible rotor showed in Figure 3 , only the first three modal components of unbalance will be considered if the influence of higher modal components can be neglected. Supposing that the test weights T 1 , T 2 , and T 3 (text weights need not be orthogonal, so prior knowledge of the modal shape of the rotor-bearing system is not necessary for the calculation of the test weights) are added on the balancing planes and accelerate over the first three-order critical speeds, the first three-order modal components (W 11 , W 21 , T 31 ), (W 12 , W 22 , W 32 ), and (W 13 , W 23 , W 33 ) can be decomposed into
The first three characteristic modal functions ( ) can be presented as
in which
Each mode shape should satisfy the following orthogonal conditions with simultaneous equations (1) and (12) W ⋅ = 0.
Substituting (14) into (15), the decomposition trial weights can be rewritten as in the following formula: 
,
Equation (9) is the theoretical basis for decomposing the modal unbalances and responses. Reference [12] has presented the availability of MRMP coefficient with the first two low modal unbalances. In this condition, we assume that the balancing and measuring planes overlap together to reduce the computational complexity when applying this new balancing method to higher critical speeds. The influence of modal components higher than the order of the operating speed is negligible; only the first modal components are considered. The rotor-bearing system is modeled to calculate the modal function by TMM and only measures the vibrations in balancing planes.
Here, the test trial weights of each mode shape have been disassembled and decomposed correspondingly. In this method, prior knowledge of initial unbalanced azimuth is not necessary.
Step one consists in choosing balancing planes, where the correction masses should be located. Target planes are used to observe the vibration level during accelerating process. The efficiency of the balancing depending on the position and number of target planes is the same with recognition accuracy of the first three critical vibration responses, which must be identified as representative as much as possible. The balancing processes are listed below.
(1) The first test runs without trial weights to simulate the initial unbalances: T 0 at plane . Then the rotor original vibrations are measured as 0 for th critical speed.
(2) MRMP coefficient calculation is as follows. The six MRMP coefficients are obtained by (4) . In this step, only one run test is necessary for the rotor which works within the third critical speed. (5) According to the distribution and reassembling of each trial weight component W in (15), the eccentric masses will be well corrected for the whole rotorbearing system. Tables 1 and 2 list test weights added in above process. Tables 3 and 4 show the determined correction weights.
Above balancing objective takes account of the first three modal components of unbalance. In this method, only amplitude information by 4 run-up tests is required. The measuring condition is suitable for the field balancing. The next sections will show the application in the balancing simulation and experiment.
Numerical Simulations.
Preliminary investigations show that the unbalance response of the academic isotropic rotor model exhibits three critical speeds within 0-2600 r.p.m. speed range. The target planes are chosen depending on the balancing criteria of rotor system. Balancing speeds selected in the operating speed range of 0-2800 r.p.m. contain the resonance frequencies of the first three modes. Tables 1 and 2 present the main parameters of balancing correction masses calculated for each balancing plane by MRMP coefficient. Displacements at disks present the balancing efficiency and are compared with the transient response under initial unbalance mass, Figure 4 . The rotor vibration accelerating throughout the specific speed range has been effectively reduced by proposed balancing procedure. Balancing result also shows that the first two modals have been well balanced even if there are multiunbalance masses (Figures 4(d)-4(f) ).
Application to Power Turbine Rotor Model
Problem Description.
In this section, the balancing procedure presented above is applied to an industrial flexible rotor. In this case, a linear power turbine rotor model is presented. The transmission elements and rotating parts are composed of a flexible shaft which is distributed with six lumped masses, four rigid bearings, two hollow turbine disks, three lug bosses, and a branch structure. The system is capable of running in a variable rotating speed range within 0-2400 rad/s. Thus, the vibration condition must be reduced by sufficient balancing throughout the time-various spindle speed.
Finite Element Model.
In the FE model, the rotor-shaft is considered as a slender shaft while balancing lug bosses and disks are assumed to be rigid on its position. The bearings are modeled with bearing elements whose parameters depend on variable speed. The axis symmetric sketch of the FE model is shown in Figure 5 . Each node has four d.o.f., including two lateral displacements and two associated rotations.
The power turbine rotor (driving shaft part) is modeled with 41-node beam-shaft elements (from nodes 1 to 41) and 2 one-node disk elements at nodes 7 and 9. The four bearings are indicated as bearing 1 (node 2), bearing 2 (node 40), bearing 3 (node 41), and bearing 4 (node 10). The two squeeze film dampers are modeled with an equivalent additional element with no mass (assigned to nodes 3 and 8), their properties being taken into account by an additional damping, and stiffness locates at the bearing position. Six lumped masses (nodes 14-17, 25, and 29) are equivalent to stable external forces. The coefficient matrix follows the original oscillatory device described in [19, 20] . The following motion equation contains the transient unbalance response of the turbine rotor:
with q being the displacement vector containing all the d.o.f. of the assembly, M and C being the classical mass and damping matrices, G being the nonsymmetric gyroscopic matrix, and Q( ) being the unbalance force vector created by the unbalance masses on three balancing lug bosses and two turbine disks such as (9).
4.3.
Balancing. The balancing criteria are based on the minimization of the vibration level of the shaft and disks. In view of the structural characteristic and industrial requirement, it is necessary to keep three balancing planes at the lug bosses (nodes 4, 5, and 6) without phase measuring position. Initial unbalance masses exist at both disks and lug bosses. Figure 6 shows decomposition response of the three-dimensional shape mode before and after balancing to notarize credible applicability of imbalance recognition. 11 target planes located on the bosses, disks, bearings, and two ends are used in the balancing process. Considering the complexity of model, balancing efficiency depends on the target planes. The transient unbalance response after balancing is successively presented and compared with the transient responses with initial unbalance mass. On the basis of the same balancing procedures shown in Section 3.2, the vibration levels of the shaft and turbine disks are satisfactory in the process of accelerating, especially in the first three critical speeds 800, 1500, and 2300 rad/s. The first two-order vibration responses before and after correction by selecting different combination of equilibrium plane are shown in Figures 7 and 8 . High-speed balancing concerns the vibration levels of the bearing, lug boss, and disk. This simulation can be applied to compare the dissimilarity of balancing effect under different planes while the result shows that the combinations of nodes 4, 5 and nodes 4, 6 exhibit an expectant effectiveness.
Experimental Simulation
In this section, a power turbine rotor is used to validate the unbalance identification by different equilibrium plane. An illustration of the experimental apparatus is shown in Figure 9 . Equilibrium position adopts the same serial number with FE model in Section 4. Three sensors distribute along the vertical axis and one along the horizontal axis for proximity probing the displacement of pilot.
In addition to some connected components and several simplified types of processing, physical dimensions of shaft and bearing elements are essentially consistent as the numerical model. The turbine rotor works under vacuum condition to reach operating speed (near 20000 r.p.m.). The average 6 Shock and Vibration Analysis data is collected for a set of 2 run tests for each run-up condition, which is to avoid accidental measurable error. Figure 10 shows instantaneous deflection response and Short Time Fourier Transform (STFT) diagram before and after tracking filtering at node 5. The trail weight is added to the balanced rotor (Table 5 : run test 1 is treated as initial unbalanced test; run tests 2-5 are used for unbalance measurement), thus estimating correction mass from node 4 to node 6, respectively. The correction masses obtained in the scheme from different balancing planes are listed in Table 6 . It is evident that unbalance recognition has some inconsistencies, especially for the magnitude of unbalance on node 6 and the phase angle on node 4. In addition to the above parts, the rest of unbalance recognition is basically consistent with theory result. This variation may ascribe to slight alteration of trail weights, structural complexity, and rheonomous acceleration.
Conclusion
As theoretical application to complex flexible rotor system, the modified balancing method described in the present work is appropriate to estimate residual unbalance of flexible rotor by only 4 run-up tests without specific rotating speed, prior knowledge of initial unbalance, and phase angle measurement. The whole balancing procedure on the integrated numerical approach can be used to reduce vibration level through accelerating speed in a reasonable range.
The information given by run-up experimental investigation can be treated as preliminary validation of the proposed method. Three balancing planes are used to estimate the effect of unbalance identification. Applying this balancing procedure in speed-variant rotary machinery makes it possible to identify residual unbalance from disparate balancing plane and minimizing vibration of transmission shaft. 
